Introduction
Modelling the central carbon metabolism, and particularly the glycolysis pathway in bacteria is one of the essential bioengineering / bioinformatics topics as long as these models, completed by the -omics data, are considered as a 'core' part of any systematic and structured analysis of the cell metabolism with immediate practical applications (such as target metabolite synthesis optimization, in silico reprogramming of the cell metabolism and design of new micro-organisms, bioreactor / bioprocess opti mi zation [1] [2] [3] ). Such representations are able to simulate, in a consistent and accurate way and at a certain degree of detail, the kinetics of a large number of cell biosyntheses and genetic circuits controlling the cell adaptation to environmental changes.
However, to cope with the astronomic complexity of cellular processes, of low observability, 5 ) reactions, versatile models of 'building-blocks' like modular constructions including individual and lumped species and reactions have been developed over decades. These models are based on the observation that the gene network is sparsely interconnected (e.g. one gene interacts with maximum other 23-25 4, 5 ) , and the cellular syntheses regulatory network is a modular structure (hierarchically organised) with a certain repeatability of gene expression control. 6 Such an approach allows reducing the model complexity by relating the cell response to stimuli in response to only a few metabolic reactions and regulatory loops instead of the response of thousands of regulatory circuits in gene expression over a complex metabolic pathway. 7, 8 Thus, the model identification becomes a problem of simultaneous model structure and parameter identification. 7, 9, 10 By using the concepts of 'reverse engineering' and 'integrative un-
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Modelling bacteria glycolysis is a classical subject but still of high interest. Glycolysis, together with the phosphotransferase (PTS)-system for glucose transport into the cell, the pentose-phosphate pathway (PPP), and tricarboxylic acid cycle (TCA) characterize the central carbon metabolism. Such a model usually serves as the foundation for developing modular simulation platforms used for consistent analysis of the control / regulation of target metabolite synthesis. The present study is focused on analyzing the advantage and limitations of using a simplified but versatile 'core' model of mTRM) of glycolysis when incomplete experimental information is available. Exemplification is made for a reduced glycolysis model from literature for Escherichia coli cells, by performing a few modifications (17 identifiable parameters) to increase its agreement with simulated data generated by using an extended model (127 parameters) over a large operating domain of an experimental bioreactor. With the expense of ca. 8-13 % increase in the relative model error vs. extended simulation models, derivation of reduced kinetic structures to describe some parts of the core metabolism is worth the associated identification effort, due to the considerable reduction in model parameterization (e.g. 17 parameters in mTRM vs. 127 in the extendedChassM model of Chassagnole et al.) , while preserving a fair adequacy over a wide experimental domain generated in-silico by using the valuable extended ChassM. The reduced model flexibility is tested by reproducing stationary or oscillatory glycolysis conditions. The reduced mTRM model includes enough information to reproduce not only the cell energy-related potential through the total A(MDT)P level, but also the role played by ATP/ADP ratio as a glycolysis driving force. The model can also reproduce the oscillatory behaviour occurrence conditions, as well as situations when homeostatic conditions are not fulfilled.
Key words: dynamic model, glycolysis, Escherichia coli, reduced model identification, oscillations derstanding', 1, 11 such a rule seeks reduction of the identification effort by disassembling the cell system into parts (functional modules), which can be individually studied and characterized, and then, following an appropriate linking algorithm, the whole metabolic pathway and the afferent genetic regulatory circuit are recreated for reproducing the real system. Application of such advanced lumping techniques increases model estimability by reducing the number of considered reactions and species, by keeping the most influential terms related to a target synthesis.
The assumed model reduction cost is related to the loss of information on certain species and reactions, a loss in model generality, prediction capabilities, physical meaning of some rate constants, and alteration of some systemic properties (stability, multiplicity, sensitivity, regulatory characteristics). Such model reduction drawbacks are compensated by the model's simplicity, computer tractability, easier rate constant identification from usually incomplete structured data sets, interpretable representation of the cell complexity (sometimes in an analytic computational way), and quicker in silico cell design possibilities.
For linear kinetic models there are standard procedures for exact or approximate model reduction based on the analysis of system invariants, stoichiometric matrix properties, and the number of independent species and reactions leading to determine the link matrix between the extended and reduced models. 12 However, for extended nonlinear kinetic models (such as the case of cell metabolic processes), there is no general reduction rule to be applied. For such situations, model quality tests, sensitivity analysis of model outputs vs. parameters and species concentrations, principal component, and other algorithms to find the redundant part of the model should be applied. [13] [14] [15] Due to the enormous complexity of metabolic processes, and differences between enzyme Michaelis-Menten rate constants determined from separate in-vitro experiments and those determined from in-vivo metabolic data, the extended model rate constants are either imported from other separate modelling studies, or identified, or eventually eliminated based on available (usually incomplete) kinetic data sets. 1, 16 Recent advances in experimental techniques, such as the time-series micro-array data with a sampling frequency of seconds to minutes 17, 18 will create the possibility to continuously expand and improve such metabolic dynamic models.
In any alternative -reduced or extended, a 'core' model of the central carbon metabolism, completed with extensions describing target metabolite syntheses, and involved genetic control circuits can achieve a satisfactory trade-off between model simplicity and predictive quality, being able to simulate the organism behaviour under specified conditions. Various applications are reported, such as optimization of synthesis of amino-acids (AA), [19] [20] [21] [22] ethanol, [23] [24] succinate, 25 lactate, 26 or other metabolites in mutant cells 27, 28 . Deterministic simulation platforms allow in silico design of modified cells with desirable gene circuits and 'motifs' of practical applications in the biosynthesis industry, environmental engineering, and medicine.
A large number of bacteria glycolysis models, of a reduced or extended form depending on the available information and utilization purpose, have been proposed over decades. ). Extensions of such glycolysis / central metabolism models can be performed accordingly to a particular interest in detailing a certain biosynthesis, by preserving the optimised regulatory properties of the 'core' model) 6, [39] [40] [41] [42] [43] under variable volume and isotonic constraints. 7, 9, 10, 43 However, when modelling the kinetics of a target metabolite synthesis, it is questionable at what degree of detail the central carbon metabolism must be represented, that is glycolysis, PPP, PTS-system, TCA cycle, AA-synthsis, nucleotide metabolism, synthesis of lipid precursors, and others (see the complete list of central metabolism reactions of E. coli in Ecocyc, or KEGG data-bases 16, 44 ). Obviously, a detailed representation of the essential cell processes better reflects the cell requirements, and the way of using the substrate from the environment together with the control of key syntheses. However, a too detailed 'core' model might increase with orders of magnitude the number of rate constants necessary to be estimated concomitantly with those of the target metabolite pathways from a quite limited amount of experimental information. Besides, complicated models of the central metabolism do not necessarily add essential information of interest for the target process modification, but might unnecessarily increase the experimental effort to identify the model parameters, and complicate further engineering computational steps for bioprocess characterization, design, optimization, and control.
One of the most valuable representations of the central carbon metabolism in E. coli is the Chassagnole et al. 16 model (ChassM, 48 reactions, 18 species, 127 parameters, see reaction scheme of Fig.  1 -left) able to accurately reproduce the PTS-system, glycolysis, PPP, and storage material dynamics under stationary or perturbed conditions, with a model average relative error of ca. 25 % (but up to 100 % for parts of some species recovering trajectories). Being quite complex, and with a wide range of time constants of reactions (from 0.29 ms to 85 s), some authors underlined the low significance of some model terms under common environmental conditions. 15 In spite of that, ChassM remains one of the most refereed models for E. coli cell central metabolism simulations, being implemented on the online JWS platform. 37 Currently, there is a collection of available reduced representations of glycolysis, including simulations of the occurrence of glycolytic oscillations, which deserve to be used for developing simplified E. coli metabolism models. Such a model is that of Termonia and Ross 30, 31 (TRM; 9 species, 7 reactions, 19 parameters, see reaction scheme of Fig.  1 -right) able to fairly simulate the cell glycolysis under steady state, oscillatory, or transient conditions according to the defined glucose input flux and total A(MDT)P cell energy resources.
The aim of this paper is to extend a comparative analysis of these two valuable models (ChassM and TRM) used for representing the glycolysis in Escherichia coli cells, by proposing a few completions of the reduced TRM (leading to mTRM model of 17 identifiable parameters; it is well known that reduced models lead to increased identifiability vs. data 56 ) to better fit the extended ChassM model predictions over a broader bioprocess operating domain than those experimentally investigated, under both stationary and dynamic conditions.
In such a manner, at the expense of an inherent reduction in model adequacy of ca. 10 %, the gain in simplicity offered by the mTRM reduced representation, might be useful for developing simplified models of some metabolic pathways of E. coli, by preserving the essential features of the glycolysis process. The obtained reduced model flexibility is tested by reproducing / predicting stationary or oscillatory glycolysis conditions in the bioreactor.
Glycolysis simulation with the extended ChassM
The kinetic model proposed by Chassagnole et al. 16 (ChassM) used to simulate the central carbon metabolism in E. coli is quite complex and includes 48 reactions, 18 species, and 127 parameters (see reaction scheme of Fig. 1 -left; rate expressions are not displayed here). The rate constants are estimated from dynamic data concerning the external glucose (GLC), and eight intra-cellular metabolite concentrations (G6P, F6P, FDP, GAP, PEP, PYR, G1P, 6PG, see notations in Fig. 1 ) recorded from experiments using a continuous bioreactor after applying a "pulse"-like perturbation in the glucose feeding concentration. The nominal conditions of the bioreactor from Table 1 have been adjusted to match the hydrodynamic residence time (F L /V L ) with the culture dilution constant and the intracellular content dilution rate (D). In the bioreactor operation practice, the cell culture dilution rate (equal to the logarithmic average cell growth rate) is ranged to equal the hydrodynamic residence time to avoid the biomass washout. 55 The model initial parameter guess is taken from literature information.
Due to ChassM's high complexity, most of the enzymatic rate expressions are imported from literature, being sometimes simplified according to the acquired experimental information. Some reactions of the nonoxidative part of PPP (that is Ru5P, R5PI, TKa, TKb, TA, see Fig. 1 ) are assumed to reach near-equilibrium conditions, while the gene expression control is not explicitly included in the model. In addition, the mass balance describing the dynamics of nucleotide [A(MDT)P] species (that is the driving force of the glycolytic pathway, and a measure of the total cellular energy dynamics), as well as the evolution of NADH/NAD + and NADPH/ NADP + co-factors are not included in ChassM, but recorded data are used instead during simulations thus limiting the model's predictive power over an extended operating domain.
Even if the large number of ChassM rate constants are estimated from using quite reduced experimental information (that is the kinetic data set recorded for the feeding solution of [GLC] ), the resulting model adequacy is quite good (ca. 25 % average relative error), even if some species trajectories (FDP, PYR) reported much larger bias vs. experimental data (ca. 100 % relative error) over some parts of the transient regime. The PFK-ASE and PK-ASE are included in the rate constants, but their role as oscillation "nodes" for the coupled F6P ® FDP and PEP ® PYR reactions is not explicitly studied in the original paper. In principle, ChassM can describe the dynamic behavior of metabolites in the metabolic networks including the central metabolism pathway, as well as the intracellular metabolite oscillations observed experimentally. 45 A typical simulation of the E. coli cell response to an applied pulse in the glucose concentration in a steady-state culture, from the stationary level of Fig. 2 15 ) is acceptable being experimentally checked under both stationary and dynamic conditions. The strongest part of the model refers to the valuable link between the PTS glucose import system and the control of the glycolytic pool concentrations of PEP and PYR.
In spite of the previously mentioned limitations, ChassM has proved to be a worthy instrument in developing extended simulation platforms of complex metabolic pathways, 19, [46] [47] aiming at improving the synthesis rate of a desired metabolite by applying a multi-objective optimization approach. 24, 47 Termonia and Ross glycolysis modelsome tests and a few completions A valuable reduced model for glycolysis in E. coli has been proposed by Termonia and Ross, 30, 31 trying to highlight the determinant role played by the ATP/ADP ratio and of the total adenine nucleotide concentration [A(MDT)P] in driving stationary, oscillatory, or unstable evolution of the glycolytic species. The 'core' reaction scheme of Fig. 1 (right) and Table 2 (parameters of the last column), together with the Michaelis-Menten (M-M) or allosteric rate expressions (assuming a cooperative substrate binding over n or m active protomers of the PFK-ASE and PK-ASE) attempt to reproduce not only the activity of the main enzymes (HK-ASE, PFK-ASE, PK-ASE, ATP-ASE) but also the role of PFK-ASE and PK-ASE as oscillation "nodes" 48 by inducing two adverse (negative and positive) backward and forward regulatory loops on the same two interconnected reactions: I) a backward activation with AMP (in equilibrium with ADP) concomitantly with a forward inhibition with ATP of the F6P ® FDP and, ii) a backward inhibition with ATP concomitantly with a FDP forward activation of the PEP ® PYR reaction. The modelled oscillatory node of PFK reproduces the activation role played by ADP but also by FDP, as proved in the literature. 35 The TRM model is based on the following simplificatory hypotheses 30, 31 ( Fig iii) ATP + AMP « 2 ADP is considered a very fast equilibrium reaction;
iv) The total adenine nucleotide [A(MDT)P] is nearly constant being related to cell resources, and displaying a slow change vs. environmental conditions;
v) The PTS reaction of GLC-to-F6P (V 1 in Fig.  1 and Table 2 ) is considered constant, the TRM model being thus decoupled from the bioreactor dynamic model. Consequently, concentrations of GLC and products derived from PYR are considered at a constant level.
In spite of such strong hypotheses, most of the TRM parameters fitted by Termonia and Ross 30, 31 match the values recommended in literature for various organisms (not necessarily E. coli bacteria, but also cells from yeast, brain, muscle, liver, erythrocytes, S. carlsbergensis).
The main value of the TRM model derives from its remarkable property to accurately reproduce the oscillatory behaviour of the glycolytic (this paper to in silico generated data).
pathway under certain environmental conditions (constant V 1 glucose input flux via PTS system), and certain values of the model parameters reflecting the mutual kinetic coupling of the two mentioned nonlinear processes, leading to oscillations propagating over the whole cell metabolism. For instance, by using the original rate constants of Termonia and Ross 30,31 from Table 2 (last column), oscillatory behaviour of a small period (0.2-0.5 minutes) involving the main glycolytic species and fluxes ( Fig. 3 ) occurs when enough A(MDT)P exists and for small ATP/ADP ratios, the adenine nu- ( ) 
F i g . 1 -Extended and simplified reaction schemes of glycolysis in E. coli used by: (left scheme) ChassM extended model, including PPP (adapted from Chassagnole et al. 16 ); (right scheme) mTRM reduced model, including adenosin co-metabolites ATP, ADP, AMP synthesis. Squares include notations of enzymatic reactions in the mTRM (right). Species in parenthesis are not explicitly included in the mTRM model. Italic letters denote the enzymes.

F i g . 2 -Typical species concentration dynamics in E. coli generated in silico using the ChassM model (----) after an impulse-perturbation in the environmental glucose level ([GLCex] = 2 mmol L -1 at time = 0) under nominal bioreactor conditions of
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LITERATURE INFORMATION AND METHODS
-Chassagnole et al. 16 do not include reactions that interconnect the adenine nucleotide compounds ATP, ADP, AMP (experimental data are used instead).
-The same approach for other glycolytic models, e.g. Ceric 
RESULTS
Kinetic model parameters Reaction
ATP ® ADP +H cleotide playing one of the essential roles in generating self-sustainable oscillations.
Heyland et al. 49 experimentally proved the limited resources of adenine nucleotides in a cell, even if internal control circuits are constantly changing ATP/ADP/AMP ratios, trying to compensate the metabolic burden by enhancing the production of ACCOA and acetate allowing NADH and ATP synthesis via TCA cycle, concomitantly with the conversion of NADPH excess in NADH (through oxidative phosphorylation, not included in the TRM). Such a complex inter-dependence between energy resources and free-energy dissipation was considered by Termonia and Ross 30, 31 in a simple way, by including only two reactions (Table 2, last rows) by which ATP is converted to ADP, while ADP quickly reaches its equilibrium state vs. ATP and AMP, the sum of adenine nucleotide concentrations [A(MDT) P] remaining all times constant (see the mass balances of Table 3 ). Experimental proof of such qua- 30 indicate experimental evidence of a very fast reversible reaction catalysed by AKASE, the equilibrium being quickly reached. 
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si-constancy of [A(MDT)P] in E. coli is offered by
Chassagnole et al. 16 dynamic data obtained after a pulse perturbation in the GLC substrate.
A few modifications of the TRM have been proposed in the present study, leading to the mTRM, in order to improve its adequacy vs. ChassM over a large bioreactor operating domain, as follows:
i) The constant inlet glucose flux V 1 in Table 3 mass balance was replaced by the ChassM extended M-M expression of Table 2 for glucose symport PTS to account for the PEP/PYR ratio and external GLC level of influence on the PTS. 34 ii) As G6P is not explicitly included in the model, it was replaced by the 6
proportionality, with constant k to be identified. Preliminary observations pointed out the quasi-constancy of [G6P]/[F6P] ratio over a wide range of external [GLCex) levels.
iii) In contrast to the original TRM, the constant d in the V 2 rate expression was considered at taking different values from n , similarly to different values of g and m constants in V 4 rate expression of TRM. The assumption is that the number (n or m) of ligand molecules binding to one mo lecule of enzyme (PFK-ASE or PK-ASE) depends on the type of ligand, leading to /
 terms in the allosteric control expression of V 2 and V 4 respectively (where K R and K T are the dissociation constants for ligands bound to the R and T conformations of PFK-ASE and PK-ASE, respectively). However, due to the applied lumping procedure, the allosteric exponents (d and g) of substrate F6P or PEP might have different values than those of the Michaelis-Menten substrate constants 2m K and 4m K .
iv) The first-order rate V 5 of the PYR consumption in the original TRM was replaced by the M-M expression of ChassM model to roughly account for the consumption rate inhibition with the PYR substrate.
v) To simply illustrate how a metabolic end product synthesis can be attached to the glycolysis pathway, the succinate production is included in the mTRM of Table 3 , in a very approximate form, by considering its synthesis concomitantly with the ATP in the TCA cycle, of an average stoichiometry of 1:38 SUCC-to-ATP ratio. A more sophisticated synthesis pathway module of TCA might be used instead, but it is beyond the aim of this study.
The mass balance equations of mTRM are presented in Table 3 , and the rate expressions in Table  2 .
Parameter adjustment of the proposed mTRM model to fit the ChassM predictions
To ensure a satisfactory adequacy of the proposed mTRM reduced model over a wide bioreactor operation domain, and due to lack of experimental data, the rate constants have been refitted to match the ChassM m-key species predictions generated by repeated system simulations under various feeding conditions. Three such bioreactor / cell culture dynamic regimes (N = 3) have been simulated experimental perturbation applied to the bioreactor operation employed by Chassagnole et al. 16 during their estimation step.
The mTRM model parameters (vector k) have been estimated by minimizing the differences between the mTRM and ChassM predictions in terms of species stationary concentrations, but also in trajectory amplitudes during recovery of steady state after an impulse perturbation of the glucose level in the bioreactor. The two fitting criteria are joined in a multi-objective estimation rule by applying the weighting function method with scaled objectives. 50 The solution results from minimization of a composite objective function F that includes the residues between mTRM and ChassM model predictions over the three generated data sets, in terms of relative standard deviations of species stationary concentrations, and of the average relative deviation in species recovering amplitudes, 13 that is in scaled form: 
where: AMDTP = adenosin-(mono)(tri)phosphate; N = number of ChassM generating "experimental" data sets (N = 3); m = number of "observed" mTRM variables (m = 5 here); '^' = estimated values, '¥' = stationary value; w = weights in the joint objective function. The adopted weight w = 0.01 tries to realize the match of the two models (extended ChassM and reduced mTRM) rather in terms of stationary concentrations of key-species than those in the recovering trajectories of species steady states. The weighting factors in objective function (1) chosen to reflect that glycolysis species stationary levels are very important for the other metabolic syntheses deriving from them. The adaptive random optimization algorithm MMA of Maria 51 implemented in MATLAB TM , was used as an effective solver. The multimodal search was started from the original TRM parameters and those indicated by ChassM, by searching over reasonable parametric ranges of 1-2 orders of magnitude higher/lower than the initial guess (except for k 3p which varied over a larger domain).
Estimation was applied to only 17 parameters of mTRM (from the total of 26), that is vector
, 6 k ], the others being adopted from the values recommended by Termonia and Ross 30,31 as discussed below. The estimate is presented in Table  2 . Comparative mTRM vs. ChassM predictions of the stationary conditions at large experimental recovery times after the GLC-pulse-perturbation (i.e. more than 20 minutes) are presented in Fig. 4 . It should be mentioned that, for these simulated bioreactor conditions and cell culture characteristics, there is no oscillatory glycolytic process.
By analysing the estimated rate constants of the mTRM comparatively to the literature results (Table  2) , several aspects can be underlined.
Reaction V 1 . In the PTS rate expression, the G6P inhibition term from denominator can be neglected and , 6 PTS g p K parameter can be missed. A comparison between mTRM, ChassM and Kadir et al. 28 constants in the V 1 denominator (GLC import noncompetitive inhibition by PEP, PYR, and external GLC) reveals very different values due to the influence of the whole model structure. Comparison with other PTS rate expressions from literature (Table 2) is not easy even if they include similar types of inhibition (with less or more terms). A exception is the power-law rate expression of Degenring et al.
14 which advanced a reversible PTS reaction due to the strong inhibition with PYR and G6P. The adopted constant V 1 for GLC import flux in the basic TRM model appears to be a too strong approximation by missing the various inhibitory effects on PTS, as proved by the very different predicted V 1 values in the three sets of simulated experiments with ChassM (see footnote d of Table 2) .
Reactions V 2 and V 4 . The F6P-to-FDP and PEP-to-PYR reactions can be analyzed together by presenting the same allosteric form of the rate expression, both reactions playing a central role in generating glycolytic oscillations due to the coupled positive and negative regulatory feedback loops acting on the activity of the two enzymes PFK-ASE and PK-ASE (i.e. oscillatory 'nodes'). The number (n or m) of ligand molecules bound to the enzymes (PFK-ASE or PK-ASE), and the K R and K T dissociation constants in the control of V 2 and V 4 have been adopted at the TRM values (see discussion of Termonia and Ross; 30, 31 also m = n PK = 4 of ChassM). The estimated exponent d = 1.04 in V 2 is half that of TRM but similar to that of ChassM, while g = 1.33 in V 4 is very close to that of TRM. The other rate constants ( 2m 
-Species concentration dynamics predicted by the modified mTRM model (---,----) in E. coli after a pulse-perturbation in the environmental glucose level ([GLCex] = 2 mmol L -1 at time = 0). The in silico generated dynamic trajectories (·······) and stationary concentrations (*,

(c). The first two columns from the left include plots in a longer time-window (50 min), while the two right columns include plots in a shorter time-window (15 min).
values comparable to those of TRM. A comparison of these estimated constants with those of other models listed in Table 2 is difficult due to differences in the rate expressions, even though they present the same order of magnitude.
Reaction V 3 . The FDP-to-PEP transformation is considered as a reversible reaction by most of the reported models (Table 2) , taken as a lump in TRM or mTRM, or as a succession of 2-to-6 reversible steps. The considered power-law kinetics in mTRM preserves the same values for the reaction orders as in the original TRM, while the estimated ( 3 k , 3 p k ) constants present larger values due to the much higher GLC input fluxes into the cell in the simulated Chassagnole et al. 16 experiments than those considered by TRM.
Reaction V 5 . The PYR consumption in the cell follows a significant number of pathways (e. 25 ). Such a PYR consumption term is considered in lumped form in the basic TRM and mTRM, while ChassM considers only two parallel consumption reactions ( 2 Synth r and PDH r in Table 2 ). However, to account for PYR inhibition control, the rate expression in the mTRM was adopted from an M-M type similar to ChassM, the estimated rate constants indicating a high-order ( , consum PYR n = 2.68) PYR consumption comparable to those leading to ACCOA synthesis ( PDH n = 3.68 in Table 2 ). Other literature expressions of complex M-M type assume a non-competitive inhibition with PYR and NAD + substrates, and ACCOA product.
Reaction V 6 and nucleotides interconversion. Most of the kinetic models from literature (such as ChassM and others, see Table 2 ) do not explicitly account for the interconversion and equilibrium reactions involving ATP, ADP, and AMP, but instead consider experimental data or constant levels. However, the nucleotide species are the driving force of the glycolytic pathway, and a measure of the total cellular energy dynamics, which plays an essential role in the glycolysis regulation and oscillation occurrence as extensively studied by Termonia and Ross 30, 31 . This is why the same ATP/ADP/ATP reaction system was adopted in the mTRM, the estimated 6 k constant being much higher than that of TRM due to the high glycolytic fluxes in the ChassM simulated experiments. However, the equilibrium constant of ADP to ATP and AMP interconversion was kept at the same value ( K = 1).
As revealed by the comparative plots of species dynamic trajectories for all three simulated experiments (Fig. 4) , the species steady-state concentrations predicted by mTRM and ChassM fairly match. A detailed comparison of bias between the two model predictions given in Table 4 reveals an average relative error of 38 %, which means a plus of ca. 8-13 % to the 25-30 % deviation of ChassM vs. experimental data (reported only for one data set by Chassagnole et al. 16 Such a satisfactory result is quite remarkable if considered together with the large reduction in model parameterization from 127 difficult to identify parameters of ChassM to only 17 easily identifiable parameters of the reduced mTRM (i.e. ca. 7-8-fold reduction in parameter vector size). At the same time, the mTRM fit realized over a wide experimental domain of [GLC] feed = 50 -200 mmol L -1 increases the model value. The bias between the two models is however non-uniformly distributed among species: GLCex and PYR report negligible deviations (below 5 %), F6P and FDP deviations are in the range of ChassM model error of 25-30 %, while only PEP species concentrations reports a larger relative difference of ca. 60 % between the two models. Such a result can be explained by the central role played by PEP in controlling the glycolytic fluxes, its concentration level trying to compensate the effect of lumping of species and reactions in the reduced model. Surprisingly, the mTRM reports lower maximum deviations (of ca. 60 %) comparatively to ChassM maximum deviations vs. experimental data for some species (of ca. 100 %). This relatively low adequacy of the reduced model might be caused by the smaller number of parameters used to reproduce the process high complexity using the same experimental data. This model adequacy can be improved using different rate expressions and adding new model terms. 56 Dynamic simulations with the identified mTRM given in Fig. 4 reveal moderate species transient amplitudes (smaller than 4 mmol L -1 ) after an initial impulse in the external glucose, valid for all three simulated feeding conditions. Such results fairly match with ChassM simulations (Fig. 4 , dashed lines in the right column of plots), even though the recovering trajectories for some species are different in shape (PEP, FDP) due to the inherent effect of reaction lumping. Also, the steady-state recovering time of ca. 10 minutes is practically the same for both mTRM and ChassM models. The bias in species recovering amplitudes is small (below 20 %) for all species except FDP (68 %).
Finally, the mTRM gain in simplicity and versatility is obtained at the expense of a loss of information about some glycolytic species, and of obtaining max. 60-70 % biased predictions for one or two species under stationary or dynamic operating conditions. However, the obtained mTRM adequacy is very satisfactory (below ChassM extended model error) for all other species, the mTRM model passing the adequacy c 2 -test (i.e. a model variance ratio smaller than the minimum of 3.8 for a 95 % confidence level 13 ).
Reduced mTRM model relevance and glycolytic oscillation occurrence
The results obtained with the proposed reduced mTRM must be analysed in more detail to understand the model advantages and limitations, as long as such a reduced, easily identifiable structure might be part of extended metabolic models. i) Certainly, the considerably reduced identification effort of mTRM model parameters is one of its strongest characteristics as long as extended simulation platforms already include large parameterization. With the expense of a plus of 8-13 % in model deviations vs. ChassM, and a larger deviation in the recovering amplitudes and steady-state levels for 1-2 species, the considerable reduction in the parameter number to only 17, together with a validity over a wide bioreactor operating domain, recommend the mTRM for quick analyses of the central carbon metabolism main fluxes.
ii) Being of simple structure, the mTRM is easily adaptable (less computation intensive) to correlate various data sets from different cell cultures, easily extensible and connectable to other metabolic pathways. Such reduced representations do not replace the large capabilities of the extended metabolic models, but only replace them in quick analyses of parts of cell metabolism, such as substrate utilization, oscillation occurrence, or structured interpretation of metabolic changes in modified cells. Being part of modular constructions, reduced glycolytic models deserve various objectives, e.g. analysis of genetic regulatory circuits controlling synthesis of target metabolites, flux distribution and in silico reprogramming of some metabolic pathways, whole cell model studies (e.g. amino acid, succinic acid synthesis), etc. 7, 8, 10, 25, 43, 46 iii) The mTRM simplicity is also an advantage for easier characterization of the cell system (stability, responsivity to stimuli, species connectivity, regulatory efficiency) 57, 58, 43, 25, 46 iv) Being less parameterized, the required structured and unstructured information from experiments and -omics data banks by the mTRM identification step is considerably smaller than that necessary for extended models. However, such an advantage is accompanied by inherent model drawbacks, such as: loss in predictive power on certain species and reaction steps; loss in system flexibility given by a reduced number of intermediates and species interactions; lack of physical meaning for some parameters; possible alteration of some systemic properties in terms of recovering trajectory and amplitudes, stability strength, system sensitivity, and regulatory characteristics. As proved by our tests, the bias introduced over the dynamic and stationary simulations of the checked bioreactor case are acceptable. v) To test the capability of mTRM model to reproduce regulatory characteristics and self-sustainable stationary oscillations in the glycolytic pathway, a modified cell system was analysed. As extensively discussed in the literature, stationary oscillations occurrence depends on the characteristics of the concomitant positive and negative regulatory loops applied to the oscillation 'node' (e.g. enzyme activity characteristics reflected by some rate constant values), being also influenced by the system fluxes (i.e. bioreactor operating conditions). 48 As PFK-ASE and PK-ASE act as oscillation "nodes" for the interconnected reactions ) and for a slower regeneration of ADP (i.e. 6 k = 10 min -1 instead of identified 4025.351 min -1 from ChassM simulated experiments). The resulting oscillations are plotted in Fig. 5 , being of ca. 1 minute period comparable with those of Schaefer et al. 45 Oscillation occurrence here is related to the continuous system perturbation induced by the high GLC external level and assimilation flux requiring PFK-ASE activation, but also to the large amount of ADP for PEP and PYR production. Consequently, the slow ADP recovery from ATP cannot be realized at the same consumption rate, thus resulting in a continuous oscillatory trajectory for ADP, on the same shape with those of ATP. In fact, the oscillatory properties can be modulated by changing the process conditions and some structural characteristics of the cell culture (reflected by the rate constants; see Heinrich & Schuster 52 for an extensive discussion on the mathematical conditions for oscillation occurrence).
Conclusions
The use of reduced vs. extended kinetic models when modelling complex metabolic pathways is a continuously challenging subject when developing structured cell simulators for various applications (flux analysis, target metabolite synthesis optimization, in silico reprogramming of the cell metabolism and design of new micro-organisms, bioreactor / bioprocess optimization). As exemplified by the E. coli glycolysis case study, the reduced mTRM model, of simple and easily adaptable structure to various cell cultures, can be used in quick analyses of cell metabolism, such as substrate utilization, oscillation occurrence, or structured interpretation of metabolic changes in modified cells.
Reduced structured models, of satisfactory adequacy (even if rough for 1-2 species) is preferable to other semi-empirical or lumped representations, being easily included in modular cell simulation platforms to be used for solving various objectives, such as analysis of cell adaptation to certain environmental conditions, simulation of genetic regulatory circuits controlling the synthesis of some target metabolites, simulation of flux distribution and its dynamics under transient regimes, in silico reprogramming of some metabolic pathways, etc.
At the expense of ca. 8-13 % increase in the relative model error vs. extended simulation models, derivation of reduced kinetic structures to describe some parts of the core metabolism is worth the associated identification effort, due to the considerable reduction in model parameterization (e.g. 17 parameters in mTRM vs. 127 in ChassM), while preserving fair adequacy over a wide experimental domain. When cell characteristics are constantly changing, the reduced model can be quickly upgraded by using experimental information, or predictions of the extended kinetic models such as ChassM. In such a manner, a multi-layer model can be obtained: in a first step an extended model is developed based on extensive experimental data; subsequently, for quick cell process analyses, and optimization purposes, a reduced model can be used instead, and fitted by using the extended model simulations for some 'local' conditions; finally, the cell process complexity appears to be described by a succession of local reduced models "enfolded" in the real process. 43, 53 Being quite versatile, the reduced mTRM model includes enough information to reproduce not only the cell energetic potential through the total A(MDT)P level, but also the role played by ATP/ ADP ratio as a glycolysis driving force. The model can also reproduce the oscillatory behaviour occurrence conditions, as well as situations when homeostatic conditions are not fulfilled. The glycolysis core model can be easily extended by including any complex synthesis and regulatory pathway deriving from the main carbon uptake stream (e.g. the SUCC production here), without necessarily complicating the 'core' model with too many species and parameters of less importance for the target metabolite production.
Generally, the reduced model quality is strongly dependent on the lumping degree, the key-species selection and ability to achieve the suitable trade-off between model simplicity, its predictive power and physical meaning of terms. 
